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The Johnson-Nyquist noise in narrow wires having a transverse size smaller than the screening
length is shown to be white up to the frequency D/L2 and to decay at higher frequencies as ω−
1
2 .
In two-dimensional films having a thickness smaller than the screening length, the Johnson-Nyquist
noise is predicted to be frequency independent up to the frequency σ2D/L and to have a universal
1/ω spectrum at higher frequencies. These results are contrasted with the conventional noise spectra
in neutral and three-dimensional charged liquids.
PACS numbers: 71.10.Ca, 72.70.+m, 72.30.+q, 05.40.Ca
It is interesting to analyze the differences between
charged and neutral systems due to the long-range na-
ture of the Coulomb interaction. The role of the Coulomb
interaction depends crucially on the effective dimension-
ality of the charged system. For instance, in three-
dimensional systems Coulomb interaction transforms the
gapless density excitations of neutral liquids (acoustic
phonons) to gapped plasmons. Nevertheless, in one- and
two-dimensional systems plasmons remain gapless. Here
I examine the noise spectrum as another aspect of the
singular role of Coulomb interaction on collective phe-
nomena (plasmons, noise) which depends critically on the
dimensionality.
The noise spectrum is quite different in charged and
neutral liquids. The equilibrium Johnson-Nyquist noise
(JNN)1 in an electrical conductor (with a screening
length smaller than any size of the conductor) is inde-
pendent of frequency (white noise) up to the very high
frequency (the smaller of the elastic scattering rate 1/τ
and the Maxwell relaxation frequency 4πσ)2; while in
neutral liquids, the noise becomes frequency-dependent
above the “Thouless” frequency D/L2 (D is a diffusion
constant and L is the distance between points). The dif-
ference is due to the screening in charged liquids and de-
pends on the dimensionality of the conductor. I show
here that for electrical wires having a transverse size
(a) smaller than the screening length λD (here referred
to as “narrow” wires), the JNN decays as ω−
1
2 above
the “Thouless” frequency. Similarly, for two-dimensional
films having a thickness smaller than the screening length
the JNN decreases as 1/ω above the characteristic fre-
quency σ2D/L.
To calculate the fluctuations of the electrochemical po-
tential, we need to relate it to the coupled fluctuations
of charge density and currents. We start by writing the
continuity equation and the equation for the current valid
in the hydrodynamic limit3:
∂ρ
∂t
+ div(~j) = 0; ~j = σ ~Etot −D~∇ρ.
For self-consistency, we need to account for the poten-
tial induced by the fluctuation of charge density: φindq,ω =
u1(q)ρq,ω (Coulomb’s law). If we consider a conductor
with transverse dimensions (a) smaller than the screen-
ing length λD, then u1(q) = 2ln
1
qa is a one-dimensional
Coulomb potential (q is a wave vector along the one-
dimensional conductor). The total potential driving cur-
rent is the sum of the external and induced potentials.
Thus the full system of equations is:
iωρq,ω + iqjq,ω = 0, jq,ω = (iq)σφ
tot
q,ω + (iq)Dρq,ω,
φtotq,ω = φ
ext
q,ω + φ
ind
q,ω , φ
ind
q,ω = 2ln
1
qa
ρq,ω.
Finally, after some elementary algebra, we can use the
above equations to relate the charge density variation to
the external potential:
ρq,ω = − σ1q
2
−iω + (D + 2σ1ln(1/qa))q2φ
ext
q,ω,
where σ1 = σa
2 is a one-dimensional conductivity. The
conductivity σ and the diffusion constant D are related
by the Einstein formula σ = Dχ0, where the static charge
compressibility χ0 can be expressed through the Debye
screening (or Thomas-Fermi) length χ0 = 1/4πλ
2
D. The
density-density response function χq,ω is
χq,ω ≡ ρq,ω
φextq,ω
= − Dχ0a
2q2
−iω +Dq2(1 + 2a2χ0ln(1/qa)) .
We can now apply the fluctuation dissipation theorem
(FDT) to calculate the density fluctuation spectrum (as-
suming classical fluctuations, h¯ω ≪ kT )4:
<| δρq,ω |2>= h¯
π
Imχq,ωcoth(
h¯ω
2kT
) ∼= 2kT
πω
Imχq,ω.
The induced potential fluctuations can be expressed
through the charge density fluctuations:
<| φindq,ω |2>= (u1(q))2 <| δρq,ω |2>,
<| φindq,ω |2>=
2kT
π
σ1q
2(2ln 1qa )
2
ω2 +D2(1 + a
2
2πλ2
D
ln 1qa )
2q4
. (1)
1
We can compare this expression for the spectral density
of noise in a 1D wire (Eqn.1) with the spectral density of
potential fluctuations in bulk three-dimensional charged
and neutral liquids. In the case of a three-dimensional
charged liquid, we need to use the three-dimensional
Coulomb potential φindq,ω = u3(q)ρq,ω =
4π
q2 ρq,ω. Follow-
ing the above simple derivation, we get the expression
for voltage fluctuations (it is sufficient for our purposes
to consider only longitudinal fluctuations) in a three-
dimensional conductor5:
<| φind(3d)q,ω |2>=
2kT
πq2
16π2σ
ω2 + (Dq2 + 4πσ)2
. (2)
In the case of a neutral liquid, there is no long-range
induced potential; therefore, we get the standard density-
density response function and potential fluctuations de-
scribing diffusion:
<| φ(n)q,ω |2>=
<| δρq,ω |2>
χ20
=
2T
πχ20
D|χ0|q2
ω2 + (Dq2)2
. (3)
We can now use the spectral densities (Eqns. 1-3) to
calculate the experimentally measured differential noise
between the two ends of the sample, averaged over trans-
verse modes:
<| φ12(ω) |2>=
∑
qx
4
sin2(qxa/2)
q2xa
2
∑
qy
4
sin2(qya/2)
q2ya
2
∫
dqz
2π
4sin2
(
qzL
2
)
<| φ(q, ω) |2> . (4)
The Johnson-Nyquist noise in a three-dimensional con-
ductor (2) can be easily calculated, because the dominant
contribution to the sums comes from the transverse zero
mode (qx = qy = 0, corresponding to the uniform density
of the liquid along the transverse directions):
<| φ3d12(ω) |2>=
2kT
π
L
σS
1
1 + ( ω4πσ )
2
. (5)
Such noise is readily interpreted as the noise from a
conductor having an internal resistance R = LσS and an
internal capacitance C = S4πL connected in parallel
6,7:
R(ω) = R/(1 + (RCω)2). Remarkably, the Johnson-
Nyquist noise is white up to the frequency 4πσ, which
is independent of the length of the wire. It is impor-
tant to point out that the noise can depend on frequency
through the frequency dependence of the conductivity
σ(ω). For the Drude model of conductivity, the charac-
teristic frequency for fall-off of the conductivity σ(ω) is
then the elastic scattering rate 1/τ .
In the case of a “one-dimensional” wire a < λD, we can
take into account only one “zero mode”(qx = qy = 0),
since higher harmonics contribute at frequencies of order
D/a2 > σ. If we approximate the weak logarithmic de-
pendence in Eqn.(1) by a constant ln 1qa → lnLa , we get
an expression similar to Eqn.(3) with the renormalized
diffusion coefficient D′ ≡ D(1+ a2
2πλ2
D
ln(L/a)). Thus the
frequency dependence of noise for a “one-dimensional”
wire is the same as for a neutral liquid. This result is to be
expected, since the screening is not efficient in one dimen-
sion. The integral over wave vector qz can be evaluated
explicitly assuming for simplicity a2ln(L/a) ≫ 2πλ2D.
The Johnson-Nyquist noise for a narrow wire is
<| φ1d12(ω) |2>= 2kT
L
σ1θ
(1− e−θ(cosθ − sinθ)), (6)
where θ = (ω/2ω0)
1/2 and ω0 = D
′/L2 is the natural dif-
fusion frequency. The expression in the bracket of Eqn.
6 is always positive as it must be, and the oscillating
nature of the second term is due to the “resonant” con-
tributions of the longitudinal “diffusion modes”. From
the above expression for noise in a one-dimensional wire,
we see that it is approximately white up to the “Thou-
less” frequency ω0 and equal to 4kT
L
σ1
. It decays above
this frequency as 1/
√
ω. The same frequency dependence
(with D′ ≡ D) is expected for the fluctuations of the
chemical potential between two points in a narrow vessel
(ω ≪ D/a2) of neutral liquid. In fact, it is the classi-
cal result for any quantity (such as temperature, density)
obeying a diffusion process that does not have long-range
correlations.9
The noise in a two-dimensional film (a < λD, Lz, L⊥ ≫
λD) can be calculated likewise using the above formal-
ism. The noise is measured along the z direction, L⊥
and x are the transverse width and the transverse coor-
dinate of the film, respectively, and a is the thickness.
Using the corresponding expressions for 2D Coulomb po-
tential u2(q) =
2π
q and the two-dimensional conductivity
σ2D = σa, the spectral density of 2D noise is
<| φind(2d)q,ω |2>=
2kT
π
4π2σ2D
ω2 + (Dq2 + 2πσ2Dq)2
. (7)
Since the in-plane dimensions of the film are much
larger than the screening length, we can simplify the de-
nominator of the above equation by neglecting the term
Dq2 (since q ≪ σ2DD = a4πλD 1λD , then Dq2 ≪ σ2Dq).
The differential noise between the two ends of the two-
dimensional strip, averaged over the transverse modes,
is
<| φ(2d)12 (ω) |2>=
∫
dqz
2π
4sin2
(
qzLz
2
)
∑
qx
4
sin2(qxL⊥/2)
q2xL
2
⊥
<| φind(2d)q,ω |2> . (8)
The integration (if the sum can be approximated by
the integral) over the transverse dimension x can be done
exactly, and we get the expression:
<| φ(2d)12 (ω) |2>=
2kT
πσ2D
∫
dqz
2π
4sin2
(
qzLz
2
)
2
∫
dqx
2π
4
sin2(qxL⊥/2)
q2xL
2
⊥
1
(b2 + q2z) + q
2
x
=
=
2kT
πσ2D
∫
dqz
2π
4sin2
(
qzLz
2
)
F (qz).
F (qz) ≡ 1
2L2
⊥
(q2z + b
2)
(
2L⊥ − 1− exp(−2L⊥
√
q2z + b
2)√
q2z + b
2
)
,
where b ≡ ω2πσ2D is the inverse of the characteristic length
scale of the problem. The limiting expressions for the
function F (qz) are:
F (qz) ≃
{
1
L⊥(q2z+b
2) if
√
q2z + b
2L⊥ ≫ 1
1√
q2z+b
2
if
√
q2z + b
2L⊥ ≪ 1
The integral over wave vector qz can be taken in such
limiting cases. But a careful analysis shows that for the
case
√
q2z + b
2L⊥ ≪ 1 the summation over the transverse
modes qx cannot be approximated by the integral. The
main contribution actually comes from the “zero mode”
qx = 0 in spite of the condition L⊥ ≫ λD. Taking
the above considerations into account, the answer for the
noise across two-dimensional film is given below.
<| φ(2d)12 (ω) |2>≃
2kT
πσ2D
∗
{
σ2D
ωL⊥
if ω ≫ 2πσ2DLz , σ2DL⊥
Lz
L⊥
if ω ≪ σ2Dmax(Lz,L⊥)
In some cases, the integral can be expressed through
Bessel functions, but only the final asymptotic expres-
sions are of interest here. As pointed above when L⊥ ≪
σ2D
ω , the main contribution (after the integration over
qz) calculated from the “zero mode” qx = 0 is propor-
tional to Lz/L⊥, while the estimate of the integral over
the higher harmonics of qx is smaller and proportional to
ln LzλD (if Lz ≫ L⊥). At the frequencies of the order of
the 3D Maxwell frequency, the film cannot be considered
as two-dimensional and transverse harmonics other than
the “zero-frequency” one (qy = 0) must be taken into
account.
It is very interesting that for frequencies above σ2DL⊥,z =
σ aL⊥,z frequency and below the Maxwell relaxation fre-
quency 4πσ the noise is universal (independent of the
material specific conductivity σ2D and dependent only
on the transverse size L⊥) and equal to
4kT
ωL⊥
.
By the FDT the noise is proportional to the total
dissipation which is the product of the dissipation per
unit length and the characteristic dissipative length scale.
The dissipation per unit length is inversely proportional
to the material specific conductivity σ2D. At the low
frequencies, the dissipative length scale is set by the lon-
gitudinal size Lz of the sample, therefore the noise is pro-
portional to Lz/σ2D. At the high frequencies, as soon as
the length scale σ2D/ω becomes smaller than the lon-
gitudinal size Lz, the dissipative length scale is set by
this length σ2D/ω. Therefore the high frequency noise
becomes independent of the conductivity. The univer-
sality of the noise at high frequencies is special to the
two-dimensional situation and is due to dimensional rea-
sons. Only in two dimensions the length scale is given by
the simple ratio σ2D/ω of the conductivity σ2D (or the
conductance) and the frequency ω.
At the low frequencies (ω → 0), the noise has the
standard form consistent with the fluctuation-dissipation
theorem10 applied to the whole sample
<| φ(2d)12 |2>≃
2
π
kTR, (9)
where R = Lzσ2DL⊥ is the dc resistance of the film. The
noise in the 3D wire (Eqn. 5) and the 1D wire (Eqn. 6)
is consistent with the FDT as well.
The fluctuation-dissipation theorem applied to the
whole sample relates the voltage noise between the ends
of the sample to the real part of the impedance Z(ω)
of the sample. At zero frequency the capacitive part of
the impedance is always short-circuited by the dissipa-
tive part (the resistance). The resistance of the wire in
all considered cases is expressed through the geometrical
sizes, as it can be seen from the Eqns. (5,6,9). If the resis-
tance is measured from the zero frequency expression of
the noise, then the effective capacitance C of the sample
can be measured from the high-frequency (ωRC ≫ 1) ex-
pression of the noise: ReZ(ω) ≃ R(ωRC)2 . We can use this
equation to interpret the high-frequency noise in the 1D
wire and the 2D strip and to write the expressions for the
effective capacitances of the corresponding wires. In case
of the 3D wire (with the well screened Coulomb interac-
tion), the sample has a constant (frequency independent)
capacitance C = S4πL . The effective capacitance of the
2D strip at the high frequencies (σ ≫ ω ≫ σ2D/Lz) is
C2D ≃ L⊥
√
σ2D
ωLz
=
L⊥a
Lz
√
σLz
ωa
≫ L⊥a
Lz
. (10)
The effective capacitance of the 1D wire at the frequen-
cies (σ ≫ ω ≫ D/L2) is
C1D ≃
(σ
ω
)3/4 a2
2π3/4λ
1/2
D L
1/2
=
=
1
2π3/4
(
L
λD
)1/2 (σ
ω
)3/4 a2
L
≫ a
2
L
. (11)
In the both 1D and 2D wires, the effective capacitances
are frequency dependent and much larger than the stan-
dard geometrical capacitances, because the Coulomb in-
teraction is not completely screened and non-local.
Since the noise has a frequency dependent form, by
FDT it implies the same frequency dependence of the
real part of the impedance Z(ω). The measurement of
the complex impedance can be more straightforward way
to access the predicted frequency dependencies of noise
than a direct measurement of noise.
3
The nature of the relaxation of a random potential
fluctuation is quite different in charged and neutral liq-
uids. In charged three-dimensional liquids, it is essen-
tially the fast process of screening, and in neutral liquids
it is the process of diffusion. The appropriate physical
picture of fluctuations in a three-dimensional electrical
conductor is that charge fluctuations relax on a very fast
time scale 1/4πσ, producing quasi-homogeneous current
fluctuations. In one-dimensional systems such as narrow
wires, the Coulomb interaction does not cause long-range
correlations; therefore, the noise in a narrow conductor
is similar to the noise spectra in neutral systems. The
difference in the chemical potential between two points
is relaxed through diffusion on a characteristic time scale
L2/D quadratically dependent on the length L between
points. The situation of two-dimensional noise is inter-
mediate, and the characteristic time scale L/σ2D of the
relaxation of the voltage fluctuation difference between
two points is linearly dependent on the distance L.
The noise spectrum and the spectrum of collective
modes are closely related. Since the spectrum of col-
lective modes (plasmons) is given by the zeros of the di-
electric constant ǫ(q, ω), they give rise to the dominant
contribution to the noise spectrum which is proportional
to the Im 1ǫ(q,ω) (see the comment
5). At the end, both
the frequency dependence of the noise and the dispersion
of the collective modes depend essentially only on the
effective dimensionality of the Coulomb interaction.
The experimental observation of the predicted noise
properties is feasible in semiconducting materials having
a low carrier concentration.11 The screening length λD in
such materials12 can be as large as 10−4cm. In metals,
both the elastic rate 1/τ and the Maxwell frequency 4πσ
are high and difficult to observe, while the typical screen-
ing length for a metal is of order of 10−8cm. In fact, with
current experimental techniques (see Reference13 for a re-
view of experiments), even the high Maxwell relaxation
frequency crossover 4πσ can be observed in “wide” wires
(a≫ λD, the situation almost always encountered) with
poor conductivity. By a convenient choice of the mo-
bilities of the semiconductor materials and their size L,
the “Thouless frequency” D/L2 and the two-dimensional
“relaxation frequency” σ2D/L should be accessible. Sev-
eral other experimental low-dimensional systems satis-
fying the condition of the absence of screening can be
suggested.
The contacts to the external leads (and associated
boundary conditions) are not considered explicitly in this
paper. It is assumed that the main source of noise is the
bulk of a wire or a film, and the contacts have a resistance
much lower than a bulk system.
The question of the frequency dependence of equilib-
rium and “shot” noise was raised recently by Y. Naveh et
al.13 Special geometries with external screening were sug-
gested to observe the Maxwell and Thouless crossover fre-
quencies. The above calculation shows that the crossover
at the Maxwell relaxation frequency is a general prop-
erty of Coulomb systems and should be observed inde-
pendently of geometry and length L for “wide” wires.
Moreover, for “narrow” wires (a < λD) the Thouless fre-
quency crossover should be seen independently of “exter-
nal screening” by electrodes or the ground plane.
In conclusion, the noise in narrow wires (a < λD)
becomes frequency-dependent starting from the low fre-
quency D/L2 (quite similar to simple diffusion systems),
although in wide conductors, the noise is white up to the
smaller of the frequencies 4πσ or 1/τ . In two-dimensional
films, the Johnson-Nyquist noise has a universal 1/ω
spectrum in the wide range of frequencies σ ≫ ω ≫ σ aL .
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